We study general metric-affine theories of gravity in which the metric and connection are the two independent fundamental variables. In this framework, we use Lagrange-Noether methods to derive the identities and the conservation laws that correspond to the invariance of the action under general coordinate transformations. The results obtained are applied to generalized models with nonminimal coupling of matter and gravity, with a coupling function that depends arbitrarily on the covariant gravitational field variables.
I. INTRODUCTION
A metric and connection are the two fundamental geometrical objects on a spacetime manifold. They play an important role in the description of gravitational phenomena in the framework of what can be quite generally called an Einsteinian approach to gravity. The principles of equivalence and general coordinate covariance are the cornerstones of this approach. As Einstein himself formulated, the crucial achievement of his theory was the elimination of the notion of inertial systems as preferred ones among all possible coordinate systems.
In Einstein's general relativity (GR) theory, gravitation is associated with the metric tensor alone. Nevertheless, it is worthwhile to stress that Einstein clearly understood the different physical statuses of the metric and the connection: "at first Riemannian metric was considered the fundamental concept on which the general theory of relativity and thus the avoidance of the inertial system were based. Later, however, Levi-Civita rightly pointed out that the element of the theory that makes it possible to avoid the inertial system is rather the infinitesimal displacement field Γ ik j . The metric or the symmetric tensor field g ik which defines it is only indirectly connected with the avoidance of the inertial system insofar as it determines a displacement field." (Appendix II in [1] ).
There exists a variety of gravitational theories that generalize or extend the physical and mathematical structure of GR. Among these theories there are large classes of so-called f (R) models, and of theories with nonminimal coupling to matter; they are developed in particular in the context of relativistic cosmology (but not only there), see [2] [3] [4] . The so-called Palatini approach represents another class of widely discussed theories in which * obukhov@ibrae.ac.ru † dirk.puetzfeld@zarm.uni-bremen.de; http://puetzfeld.org the metric and the connection are treated as independent variables in the action principle [5] [6] [7] . Last but not least, we should mention the vast family of the gauge gravity theories constructed using a Yang-Mills type of approach [8, 9] . The formalism of metric-affine gravity makes it possible to study all these different alternative theories in a unified framework. The corresponding spacetime landscape [10] includes as special cases the geometries of Riemann, Riemann-Cartan, Weyl, Weitzenböck, etc.
In this paper, we develop a general Lagrange-Noether framework for metric-affine gravity theories and derive the Noether identities, which correspond to the general coordinate invariance of the action. These identities are then used to derive the conservation laws. The results obtained generalize a number of findings available in the earlier literature (correcting some shortcomings) and they represent a unified framework, which is, e.g., applicable to the analysis of the equations of motion in a wide class of gravity theories, with minimal as well as with nonminimal coupling of matter to the gravitational field. Ultimately, our aim is to set up a complete scheme that is suitable for the systematic study of experimental tests of the gravitational theories. In this connection, it is worthwhile to cite Einstein [11] again who underlined that "[...] the question whether this continuum has a Euclidean, Riemannian, or any other structure is a question of physics proper which must be answered by experience, and not a question of a convention to be chosen on grounds of mere expediency."
The structure of the paper is as follows: In section II, we give a short overview of the different geometrical objects and notions which are defined on the spacetime manifold and are used for the description of the gravitational field in the wide class of models under consideration. We then develop, in section III, a general Lagrange-Noether analysis of an arbitrary system of interacting matter and gravitational fields, invariant under general coordinate transformations. The results obtained are subsequently applied in Sec. IV to a model with nonminimal coupling of gravity and matter, for which we explicitly work out the corresponding conservation laws. To demonstrate how the present formalism fits into the gauge-theoretic scheme based on the general affine group, we discuss the dynamics of the gravitational field in Sec. V. Einstein's general relativity arises as a special case in our general framework, and in Sec. VI we analyze nonminimally coupled matter with intrinsic moments in GR. Finally, we draw our conclusions in section VII.
Our notations and conventions are those of [12] . In particular, the basic geometrical quantities such as the curvature, torsion, and nonmetricity are defined as in [12] , and we use the Latin alphabet to label the spacetime coordinate indices. Furthermore, the metric has the signature (+, −, −, −). It should be noted that our definition of the metrical energy-momentum tensor is different from the definition used in [4, 13, 14] .
II. METRIC-AFFINE GEOMETRY: AN OVERVIEW
In the metric-affine theory of gravity (MAG), the gravitational physics is encoded in two fields: the metric tensor g ij and an independent linear connection Γ ki j . The latter is not necessarily symmetric and compatible with the metric. From the geometrical point of view, the metric introduces lengths and angles of vectors, and thereby determines the distances (intervals) between points on the spacetime manifold. The connection introduces the notion of parallel transport and defines the covariant differentiation of tensor fields. The zoo of geometric structures that arises on the spacetime is described by three fundamental objects -the curvature, the torsion, and the nonmetricity [10] :
A general metric-affine spacetime (R kli j = 0, T kl i = 0, Q kij = 0) incorporates several other spacetimes a special cases, see figure 1 for an overview.
In order to describe the deviation of the geometry from the Riemannian one, it is convenient to introduce the distortion tensor
This object measures a deviation of the connection from the Christoffel symbols
Our aim is to study gravity models in which the Lagrangian is allowed to depend on all the geometrical variables and on the matter fields, which we collectively denote by ψ A . The functional form of the total Lagrangian of the coupled system of material and gravitational fields is then given by
which may depend arbitrarily on its arguments. Obviously, L can be understood as a function of independent scalar invariants constructed in all possible ways from the components of the curvature, torsion, and nonmetricity, since the latter two objects can be expressed in terms of the distortion tensor:
III. GENERAL LAGRANGE-NOETHER ANALYSIS
As a first step, we notice that the gravitational (geometrical) and material variables can be described together by means of a multiplet, which we denote by Φ J = (g ij , Γ ki j , ψ A ). We do not specify the range of the multi-index J at this stage. The matter fields may include, besides the true material variables, also auxiliary fields such as Lagrange multipliers. With the help of the latter we can impose various constraints on the geometry of the spacetime. Furthermore, we can use the Lagrange multipliers to describe models in which the Lagrangian depends on arbitrary-order covariant derivatives of the curvature, torsion, and nonmetricity. Then the general action reads
where the Lagrangian density L = L(Φ J , ∂ i Φ J ) depends arbitrarily on the set of fields Φ J and their first derivatives.
Our aim is to derive Noether identities that correspond to general coordinate transformations. However, it is more convenient to start with arbitrary infinitesimal transformations of the spacetime coordinates and the matter fields. They are given as follows:
Within the present context it is not important whether this is a symmetry transformation under the action of any specific group. The total variation (11) is a result of the change of the form of the functions and of the change induced by the transformation of the spacetime coordinates (10) . To distinguish the two pieces in the field transformation, it is convenient to introduce the substantial variation:
By definition, the substantial variation commutes with the partial derivative, δ∂ i = ∂ i δ.
We need the total variation of the action:
A standard derivation shows that under the action of the transformation (10)-(11) the total variation reads
Here the variational derivative is defined, as usual, by
A. General coordinate invariance
Now we specialize to the general coordinate transformations. For infinitesimal changes of the spacetime coordinates and (matter and gravity) fields (10) and (11) we have
The four arbitrary functions ξ i (x) parametrize an arbitrary local diffeomorphism. Here, (σ A B ) j i are the generators of general coordinate transformations that satisfy the commutation relations (16)- (19) into (14), and making use of the substantial derivative definition (12), we find
where explicitly
If the action is invariant under general coordinate transformations, δI = 0, in view of the arbitrariness of the function ξ i and its derivatives, we find the set of four Noether identities:
General coordinate invariance is a natural consequence of the fact that the action (9) and the Lagrangian L are constructed only from covariant objects. Namely,
) is a function of the metric, the curvature (1), the torsion (2), the matter fields, and their covariant derivatives
Denoting
we find for the derivatives of the Lagrangian
As a result, we straightforwardly verify that Ω k ij = 0 and Ω k ijn = 0 are indeed satisfied identically. Using (29) and (30), we then recast the two remaining Noether identities (22) and (23) into
Here we introduced the covariant derivative for an arbitrary tensor density A n i... j...
which produces a tensor density of the same weight. We denote a similar differential operation constructed with the help of the Riemannian connection by
In particular, notice that the variational derivative (15) w.r.t. the matter fields can be identically rewritten as
and turns out to be a covariant tensor density. It is also worthwhile to note, that the variational derivative w.r.t. the metric is explicitly a covariant density. This follows from the fact that the Lagrangian depends on g ij not only directly, but also through the objects Q kij and N ki j . Taking this into account, we find
The Noether identity (33) is a covariant relation. In contrast, (32) is apparently non-covariant. However, this can be easily repaired by replacing Ω k = 0 with an equivalent covariant Noether identity:
m Ω m n = 0. Explicitly, we find
On-shell, i.e., assuming that the matter fields satisfy the field equations δL/δψ A = 0, the Noether identities (38) and (33) reduce to the conservation laws for the energy-momentum and hypermomentum, respectively. Equation (33) contains a relation between the canonical and the metrical energy-momentum tensor, and the conservation law of the hypermomentum. In the next section we turn to the discussion of models with general nonminimal coupling.
IV. CONSERVATION LAWS IN MODELS WITH NONMINIMAL COUPLING
The results obtained in the previous section are applicable to any theory in which the Lagrangian depends arbitrarily on the matter fields and the gravitational field strengths. Now we specialize to the class of models described by an interaction Lagrangian of the form
Here L mat (ψ A , ∇ i ψ A ) is the ordinary matter Lagrangian. We call F = F (g ij , R kli j , N kl i ) the coupling function and assume that it can depend arbitrarily on its arguments, i.e., on all covariant gravitational field variables of MAG. When F = 1 we recover the minimal coupling case.
A. Identities for the nonminimal coupling function
As a preliminary step, let us derive identities which are satisfied for the nonminimal coupling function F =
For this, we apply the above Lagrange-Noether machinery to the auxiliary Lagrangian density L 0 = √ −g F . This quantity does not depend on the matter fields, and both (33) and (38) are considerably simplified. In particular, we have
Then we immediately see that (33) and (38) reduce to
Here we denoted
Notice that for any tensor density A n i... j...
Similarly for the non-Riemannian derivatives (34) of tensor densities we find
where the so-called modified covariant derivative is defined as *
The identity (41) is naturally interpreted as a generally covariant generalization of the chain rule for the total derivative of a function of several variables. This becomes obvious when we notice that (37) implies
It should be stressed that (41) and (42) are true identities, they are satisfied for any function F (g ij , R kli j , N kl i ) irrespectively of the field equations that can be derived from the corresponding action.
B. Conservation laws
Now we are in a position to derive the conservation laws for the general nonminimal coupling model (6) , and thus we have to consider the Lagrangian density
As before, F = F (g ij , R kli j , N kl i ) is an arbitrary function of its arguments, whereas the matter Lagrangian L mat = L mat (ψ A , ∇ i ψ A , g ij ) has the usual form established from the minimal coupling principle.
In a standard way, matter is characterized by the canonical energy-momentum tensor
the canonical hypermomentum tensor,
and the metrical energy-momentum tensor
The usual spin arises as the antisymmetric part of the hypermomentum,
whereas the trace ∆ k = ∆ i i k is the dilation current. The symmetric traceless part describes the proper hypermomentum [12] .
In view of the product structure of the Lagrangian (48), the derivatives are easily evaluated, and the conservation laws (33) and (38) reduce to
After we take into account the identities (41) and (42), the conservation laws (53) and (54) are brought to the final form:
Lowering the index in (55) and antisymmetrizing, we derive the conservation law for the spin
This is a generalization of the usual conservation law of the total angular momentum for the case of nonminimal coupling.
C. Riemannian limit
Our results contain the Riemannian theory as a special case. Suppose that the torsion and the nonmetricity are absent T ij k = 0, Q kij = 0, hence N ij k = 0. Then for usual matter without microstructure (i.e. matter with ∆ m n i = 0) the canonical and the metrical energy-momentum tensors coincide, Σ k i = t k i . As a result, the conservation law (56) reduces to
This conservation law for the general nonminimal coupling model was derived earlier in [14] without using the Noether theorem, directly from the field equations 1 . The old result established the conservation law for the case in which F = F (R ijk l ) depends arbitrarily on the components of the curvature tensor, correcting some erroneous derivations in the literature, see [14] for details.
Quite remarkably, (58) generalizes the earlier result to the case in which the nonminimal coupling function F is a general scalar function of the curvature tensor.
V. FIELD DYNAMICS IN METRIC-AFFINE GRAVITY
The explicit form of the dynamical equations of the gravitational field is irrelevant for the conservation laws that we derived in the previous sections solely on the basis of the Noether theorem. For completeness, however, we discuss now the field equations of a general metricaffine theory of gravity. The standard understanding of MAG is its interpretation as a gauge theory based on the general affine group GA(4, R), which is a semidirect product of the general linear group GL(4, R), and the group of local translations [12] . The corresponding gauge-theoretic formalism generalizes the approach of Sciama and Kibble [15, 16] ; for more details about gauge gravity theories, see [8, 9] . In the standard formulation of MAG as a gauge theory [12] , the gravitational gauge potentials are identified with the metric, coframe, and the linear connection. The corresponding gravitational field strengths are then the nonmetricity, the torsion, and the curvature, respectively.
In the present paper we use an alternative formulation of MAG in which gravity is described by a different set of fundamental field variables, i.e. the independent metric g ij and connection Γ ki j . For the relevant literature, see [5] [6] [7] [17] [18] [19] [20] [21] [22] [23] , for example. It is worthwhile to compare the field equations in the different formalisms of MAG, and in particular, it is necessary to clarify the role and place of the canonical energy-momentum tensor as a source of the gravitational field. Since one does not have the coframe (tetrad) among the fundamental variables, the corresponding field equation is absent. Here we demonstrate that one can always rearrange the field equations of MAG in such a way that the canonical energymomentum tensor is recovered as one of the sources of the gravitational field.
Let us consider the total Lagrangian density of coupled gravitational and matter fields:
. (59) Then, from the variation of the action with respect to the metric g ij and the connection Γ ki j , we derive the field equations:
Here, we introduced the generalized gravitational field momentum density
and the gravitational hypermomentum density
The right-hand sides of (60) and (61) are the metric energy-momentum density and the hypermomentum density of matter, respectively,
(64) Here we assume minimal coupling of matter and gravity. For L mat = √ −gL mat , comparing with (51) and (50), we
k . To reveal the role of the canonical energy-momentum tensor, we use the Noether identities arising when the theory is invariant under general coordinate transformations. Then, applying (33) to the total Lagrangian (59), we find the Noether identity
Here the canonical energy-momentum density of matter reads, cf. with (49),
Suppose, as it is assumed in the gauge-theoretic approach to MAG [12] , that the gravitational Lagrangian depends on the post-Riemannian geometric variables only via the torsion and the nonmetricity. Then, using (7)- (8), we find
Here we introduced
Substituting (67) into (65), after some long algebra, we find on "mass-shell" (i.e., when the field equations are satisfied δL/δg ij = 0 and δL/δψ A = 0) 2 :
Finally, after inserting (61) into (69), we recast the latter into a form of the field equation
The system of the three field equations (60), (61), and (71) perfectly reproduces the gauge-theoretic structure of MAG (notice some different sign conventions in [12] ). It is worthwhile to note that "on-shell" (when the gravitational and the matter fields satisfy the Lagrange-Euler equations δL/δg ij = 0, δL/δΓ ij k = 0, and δL/δψ A = 0) the Noether identities (22) and (23) can be rewritten as the ordinary conservation laws
The total energy-momentum and hypermomentum pseudotensors of the interacting gravitational and matter fields
R lnk m H lni m can be straightforwardly verified.
generalize the well-known general-relativistic energymomentum pseudotensor [24] . It is interesting that we can recast the second equation (72) into a conservation law of the "orbital + intrinsic" hypermomentum:
VI. GENERAL RELATIVITY: NONMINIMAL COUPLING OF MATTER WITH SPIN
In previous studies of general-relativistic models with nonminimal coupling [14] , the matter was assumed to be spinless. The present formalism is suitable for the description of matter with (intrinsic) spin. Let us consider the Lagrangian density L = √ −g F L mat , where the coupling function depends arbitrarily on the Riemann curvature F = F (R klm n ). We can then use the general metricaffine scheme, with independent metric and connection, and recover the Riemannian geometry by imposing the constraint N ki j = 0. The constraint is taken into account by means of the Lagrange multiplier φ ki j so that the Lagrangian reads
The derivatives (28) are straightforwardly computed:
The constraint N ki j = 0 eliminates the connection Γ ki j as an independent variable, and hence we have to take into account the corresponding field equations
This allows us to find explicitly
and consequently
Note that by construction we have the symmetry properties
We will repeatedly use these symmetries in the subsequent computations. As a first step in the derivation of the conservation laws, we notice that the Noether identities for the coupling function F are still valid. In the Riemannian case with N ki j = 0, (41) and (42) are reduced to
It is worthwhile to notice that the last identity implies the symmetry property
We are now in a position to derive the main result of this section. Using the Riemannian geometry constraint N ki j = 0, and substituting (80), (82), and (83) into the Noether identities (33) and (38), we find on-shell the conservation laws:
Here, we denoted
This tensor describes the right-hand side of the gravitational field equation, i.e., it is the generalized source. In the special case of minimal coupling (F = 1), it reduces to the metrical energy-momentum tensor, Π ij = t ij . The covariant divergence of this tensor vanishes as a consequence of the conservation laws (84) and (85):
The proof is straightforward but somewhat lengthy. At first we notice that in view of the skew symmetry we have ∇ i ∇ n F τ Equation (86) generalizes our findings in [14] for the case of the matter with spin and a coupling function F with an arbitrary dependence on the Riemann curvature. The conservation law (85) can be recast into
Lowering the index in (84) and antisymmetrizing, we find a modified conservation law of the total angular momentum
(92) Thus, the divergence of the canonical energy-momentum tensor is balanced, in general, by the MathissonPapapetrou force plus the "pressure-type" nonminimal force proportional to the gradient of F . In the absence of spin, we recover the old result of [14] .
VII. CONCLUSION
In this paper, we have developed a unified framework for the discussion of Noether identities and conservation laws for a wide range of metric-affine gravitational theories. Our framework covers gauge theories of gravity (based on spacetime symmetry groups), and various socalled f (R) models (and their generalizations), with and without minimal coupling of matter and gravity.
The results obtained extend our earlier findings [25, 26] , which were derived for a more narrow class of models and geometries. The general conservation laws (55) and (56) form the starting point for the study of the equations of motion of extended test bodies. The latter should be necessarily built of matter with microstructure (such as the intrinsic hypermomentum, including spin, dilation and shear charges).
